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ABSTRACT
Recent research in modeling and simulation suggests that potential speed advantages with
discrete event simulation are to be expected for partial differential equation models that
are characterized by heterogeneity in their behavior in time and space. In such cases,
discrete events are a natural way to focus attention on the portions of the solution that are
exhibiting high activity levels at the moment. Theory also suggests a way to characterize
the activity of solutions over time and space independently of the solution technique that
might be employed. This activity measure, when divided by a quantum size, predicts the
number of boundary crossings (computations) required by a DEVS simulator for the
accuracy afforded by that quantum size. Where significant heterogeneity of activity
exists, the number of discrete event computations may be significantly lower than that
required by a uniform allocation of computational resources across both space and time.
In this thesis, the theory of activity is developed for the particular problem of diffusion
and the execution times of DEVS and a standard discrete time method are evaluated and
compared under the conditions of stability and accuracy.
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1. INTRODUCTION
As we step into the 21st century, the need for computationally efficient methods is ever
increasing. Discrete Event System Specification (DEVS) was one of the methods devised
in order to meet these ever-increasing needs. In DEVS, we define a threshold called a
quantum, and perform the processing only if this quantum is exceeded. The accuracy of
the output depends upon this quantum. An important concept related to DEVS that is
been recently developed is “Activity” (see chapter 2). Classical processing takes place in
discrete time, where, in order to model any process, all of the cells need to be scanned at
every time step even though there are no interesting events at most of the cells. In
contrast DEVS concentrates its computational resources at the regions of high activity.
In this thesis, the problem of diffusion was modeled in DEVS and discrete time, and the
resulting performances were compared. This chapter introduces the problem of diffusion
and the initial conditions that were used to model the problem in DEVS and discrete time.

Presented Work
Chapter 1 discusses the initial conditions used to model the problem of diffusion. Chapter
2 introduces the theory of activity. Chapter 3 discusses the DEVS formalism. Chapter 4
discusses about the DEVS integrator. Chapter 5 discusses about the performance
comparison of DEVS and discrete time. Chapter 6 presents the experimental results.
Conclusion and scope for future work are presented in chapter 7.
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1.1. Diffusion
Diffusion is the movement of heat molecules from a region of high concentration to a
region of low concentration.

Figure 1 Definition of diffusion

1.2. Partial differential equations
Differential equations are those equations where the unknowns are functions of one or
more variables and which contain not only these functions but their derivatives as well. If
the unknowns are functions of several variables (not less than two), then the equations are
called partial differential equations [4].
A partial differential equation containing derivatives of the unknown function u with
respect to the variables x1 ,........., x n is said to be of Nth-order if it contains at least one
Nth-order derivative and does not contain derivatives of higher orders, that is, the
equation
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∂u
∂u ∂ 2u ∂ 2u
∂N u 
,........,
, 2,
,......, N  = 0
Φ  x1 ,......xn , u ,
∂x1
∂xn ∂x1 ∂x1∂x2
∂xn 

Equation 1.1 is said to be linear if Φ, as a function of u,

Eqn 1.1

∂u
∂Nu
,......., N , is linear.
∂x1
∂x n

1.3. Method of Lines

In one class of method for solving partial differential equations, one of the variables, say
x is discretized, while the other variable t is left continuous. When suitable finitedifference expressions are substituted for the x derivatives, the partial differential
equation is converted into a coupled system of ordinary differential equations in the
independent variable t, i.e., a difference-differential equation. This method is called the
method of lines [5].
The 2-d diffusion equation is:

ut = −au xx − bu yy

Eqn 1.2

where u t is the first order partial differential of the state variable u with respect to time,
a, b are the diffusion constants and u xx , u yy are the second order partial derivatives with
respect to space (x and y directions respectively).
Using the method of lines equation 1.2 can be written as
 u ( x + ∆x) − 2u ( x) + u ( x − ∆x)   u ( y + ∆y ) − 2u ( y ) + u ( y − ∆y ) 
ut = − a 
 −b

(∆x) 2
(∆y ) 2

 


where ∆x, ∆y are the spatial resolutions in the x and y directions respectively.

Eqn 1.3
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Using the FTCS (Forward Time Centered Space) method, this equation can be
approximated as follows:

 u
− 2u m,n + u m −1,n   u m,n +1 − 2u m ,n + u m,n −1  

 − b
u mi +,1n = u mi , n − ∆t  a m +1,n
2
2




(∆x )
(∆y )
 

 

Eqn 1.4

where u mi +,1n updates the value of u for each iteration.
For simplicity, assume a = b = c, ∆x = ∆y = h, then equation 1.4 becomes

 c∆t 
u mi +,1n = u mi ,n −  2 [u m+1,n + u m−1,n + u m,n+1 + u m ,n−1 − 4u m ,n ]
h 

Eqn 1.5

In the equation 1.5, care must be taken so that the COURANT-FRIEDRICHLEWY condition [7]

c∆t
< 0.5 is satisfied. This means that for a given spatial cell size,
h2

h, the time step must be small enough to avoid instability. Actually, as the cell size h
decreases, the time step must decrease as the square of h to maintain stability.
So, conceptually, the 2-D diffusion equation is equivalent to saying that each cell tries to
reduce the difference (of the quantity which is diffused) between itself and its neighbors.
The following diagrams figuratively illustrate the 2-D diffusion process:
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ut = −cuxx −cuyy
∆x → 0
∆y → 0

du(x)
= −c / h2 *[avg(u(x − ∆x),u(x + ∆x),u( y − ∆y),u( y + ∆y)) −u(x, y)]
dt

y + ∆y
lower
than
neighbors

cell tries to move
toward average of
its neighbors
x − ∆x

x, y

x + ∆x

y − ∆y

Figure 2 Illustration of two-dimensional diffusion 1

14

y + ∆y
higher
than
neighbor
s

x − ∆x

x, y

y − ∆y
Figure 3 Illustration of two-dimensional diffusion 2

x + ∆x
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y + ∆y

in
between
neighbor
s

x − ∆x

x, y

x + ∆x

y − ∆y
Figure 4 Illustration of two-dimensional diffusion 3
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1.4. Initial Conditions

To start with, a plate that has a high value of heat at its center is constructed. This is as
shown below:

Figure 5 Pulse for 2-D diffusion

Since we are starting from a sharp pulse at the center of the plate, all the derivatives will
be infinitely large.
Therefore, running the simulation for an interval of 2.4 seconds smoothed the initial pulse
and this Gaussian pulse was used as the initial data. The smoothed pulse is as shown
below:

Figure 6 Initial condition for two-dimensional diffusion
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1.5. Boundary Conditions

To make the diffusion equation well posed, we need to specify the boundary conditions at
x = y = 0 and x = y = N (where N is the number of cells in each direction). The two main

cases of interest are

•Constant boundary conditions
u (0,0, t ) = u (∆x, ∆y, t )

and

u ( N∆x, N∆y, t ) = u (( N − 1)∆x, ( N − 1)∆y, t ), where the

cells 1, 2… N-1 are in the interior of the computational region, and the cells 0 and N are
at the boundaries. In this case there is no loss in the net heat value i.e. the heat energy is
conserved in this case.
•No-flux boundary conditions

 ∂u 
 ∂u 
 ∂u 
 ∂u 
=  
= 0.
  =   =  
 ∂x  x =0  ∂y  y = 0  ∂x  x = N  ∂y  y = N

Such boundary conditions correspond to having no flux out of the domain.

If simulated for enough time (500 seconds), the pulse will approach a flat plate, which is
as shown below:
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Figure 7 Final state of two-dimensional diffusion
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2. ACTIVITY
Introduction

The following is a brief introduction to the concept of activity. As we discussed in
chapter one, we define a quantum or threshold for processing in DEVS. A cell is said to
be most active if the value of the cell crosses the quantum more times than any of the
other cells. In the particular case of diffusion, the most active cells are at the center of the
plate since the whole of the Gaussian pulse is concentrated at the center of the plate. As
the Gaussian pulse diffuses, the activity moves from the center of the plate to its
boundaries because then there will be more cells that are active at the boundaries than the
cells at the center of the plate. DEVS has the advantage over discrete time processing
when there is high heterogeneity in the time and space phenomena.

2.1. Definition

The following is the definition of activity for a continuous segment.

t1

ti

tn

Figure 8 Definition of Activity
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In the above figure, q corresponds to the quantum (the minimum threshold below which
no processing occurs) and mi corresponds to the maxima and minima of the curve, where
the first and last mi are the values of the function at the initial and final end points.
The activity in an interval [0, T] is defined as

∂Y
∂t

T

A(T ) =

∫
0

∂t

Proposition 1. The activity in an interval [0, T] can be calculated by summing the

differences between the adjacent maxima and minima, i.e.
Activity(T ) = ∑ mi +1 − mi
i

Proof:

In an interval between successive turning points the derivative of the function does not
change sign. If the sign is positive in the interval we have

A(ti , ti +1 ) =

ti +1

∫
ti

=

ti +1

∫
ti

∂Y
∂t

∂Y
∂t

∂t

∂t

= Y (ti +1 ) − Y (ti )
= mi +1 − mi
A similar argument holds for an interval in which the derivative is always negative. ■
The average activity in an interval [0, T] is given by:

AvgActivit y (T ) = Activity / T
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Proposition 2. The number of threshold crossings in an interval of length T for threshold

levels that are equally spaced by quantum size, q, is:
NumberOfThresholdCross (T , q ) = Activity (T ) / q

Proof: We will make use of the intermediate value theorem [6] in order to prove the

proposition. The intermediate value theorem (IVT) states that:
“If a function f is continuous on a closed interval [a, b] and C is any number between f (a)
and f (b), inclusive, then there is at least one number x in the interval [a, b] such that f (x)
= C”.
Consider the following figure

f (t )
Curve P

f (tn)

f (t1 )
q
f (t0 )

t 0 t1

tn

t

Figure 9 Proof for proposition 2

From the intermediate value theorem, we have
f (t1) = f (t0)+q

Eqn 2.1

We will prove that equation 2.1 holds in the general case using mathematical induction
i.e. we will prove that
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f (tn) = f (tn-1)+q

Eqn 2.2

For the case of n=1 equation 2.2 is obvious (from equation 2.1).
Let us assume that equation 2.2 is true for some arbitrary k greater than one i.e. let us
assume
f (tk)=f (tk-1)+q

Eqn 2.3

We have to prove that
f(tk+1)=f(tk)+q

Eqn 2.4

The right hand side of equation 2.4 is equal to
f(tk)+q = f(tk-1)+q+q (from equation 2.3)
 R.H.S of equation 2.4 is equal to f(tk-1)+2q which is equal to f(tk+1)

Since we assumed that the threshold levels are equally spaced by quantum size q.
Therefore, if we traverse along the curve P from f(t0) to f(tn) we will have to cross each
quantum level of size q. In fact, the number of times we have to cross a quantum q
 f (tn ) − f (t0 ) 
(number of threshold crossings) is equal to 
 which is equal to A(tn)/q
q



where A(tn) is the activity over a time interval tn.

■

Proposition 3. The average activity in an interval is related to the average absolute value

of the derivative in the interval
Average Derivative(t i , t i +1 ) =

mi +1 − mi /(t i +1 − t i )

Proof: follows directly from the definition of activity and Proposition 1.
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2.2. Significance of the activity concept for DEVS simulation of PDEs

The concept of partial differential equations was introduced in section 1.2 and the
concept of activity was introduced in section 2.1. This section discusses the significance
of activity as it pertains to DEVS [see chapter 3] and discrete time processing.
In the particular example of diffusion (Figure 5), initially the total amount of heat is
concentrated at the center of the plate and therefore the value of activity is also high at
the center of the plate. As the heat diffuses to the boundary of the plate, the activity at the
center of the plate decreases, and the activity moves towards the boundaries.
In the approximation to the method of lines using quantization supported by DEVS, we
define thresholds (separated by quanta) and processing is done only when the change in
the value at a particular cell exceeds this threshold. In other words, quantization is a
method that allows the DEVS simulator to track the activity of cells in a method-of-lines
solution. At any time, the time advances of cells are distributed over a range varying
inversely to their activity rates (absolute derivatives) at that time. Thus the DEVS
simulator uses a smaller time advance (equivalent to time step in discrete time) in the
regions where there is high activity, so that processing is fast at those regions.
Conversely, cells in low activity regions have relatively long time advances and therefore
do not needlessly consume simulator resources. On the other hand, in discrete time,
processing takes place at all the cells, at every time step, even though there are no
interesting events at most of those cells. Also many methods, such as FTCS, use a
uniform time step irrespective of the activity, which causes them to be less efficient when
compared with a quantized DEVS implementation.
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2.3. Derivation of Activity for various initial conditions

In this section we will illustrate the utility of the activity concept for predicting the
number of transitions required by a quantized method-of-lines DEVS solution. Activities
over intervals can be obtained directly by simulation or analytically as the following
examples show. In these examples, various initial data are considered with closed
boundary conditions so that heat is conserved.

2.3.1. Activity for a rectangular pulse as the initial data

Consider a pulse of height H, and width, W in a one-dimensional space of length L, as
illustrated in Figure 10.

Figure 10 Initial condition as a rectangular pulse

The initial area (heat) under the pulse is HW. When the base of the pulse expands to L,
this area remains the same (by conservation of heat), so at equilibrium the pulse has a
uniform value of HW/L throughout the space. In this case, as time progresses, the height
of the rectangle marked A goes down from H to HW/L and the height of the rectangle
marked B increases from 0 to HW/L. An intermediate stage in this process is as shown in
figure 11.
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Figure 11 Intermediate condition as a rectangular pulse

Figure 12 shows the time plot of a representative cell, which is in rectangle marked A of
figure 10 as it moves from H to HW/L.

t
Figure 12 Time plot of a representative cell in rectangular pulse

Note that the curve monotonically approaches equilibrium so that the activity is just the
difference between the initial height and the equilibrium value.
Let ∆x =

L
be the spatial resolution and N be the total number of cells.
N

At equilibrium, each cell will have a uniform value of HW/L. There are
width of W, which move from H to HW/L and
move from 0 to HW/L.

W
cells in a
∆x

L −W
cells in a width of L-W, which
∆x

Therefore, activity over the (infinite) period of evolution to equilibrium is given by
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HW  W 
HW  L − W 

+ 0−


L  ∆x 
L  ∆x 
2 HNW ( L − W )
=
L2
Eqn
= 2 HNw (1 − w ) ( w = W / L )

Activity = H −

2 .5

Note that the total activity goes to zero as the width of the pulse relative to the size of the
space under consideration goes to zero as well as to 1. In both extremes, the region of
maximum activity is confined to a smaller and smaller region. Since the number of
transitions in a DEVS solution is proportional to the activity, we see that it should be able
to exploit such heterogeneity of activity, unlike a discrete time approach, which is not
sensitive to the relative size of the pulse in the computation domain. Also note that the
activity per cell (A/N) is invariant with respect to N, the number of cells employed in the
simulation. This is a feature we will see in the ensuing examples as well.
2.3.2. Activity for a triangular pulse as the initial data

Consider an initial state in which heat increases linearly to a height H, over an interval of
length, L.
Line P

Figure 13 Initial condition as a triangular pulse

In this case, as time progresses, the height of the triangle B descends to the equilibrium
and the height of the triangle A increases. At equilibrium, each cell will have a uniform
value of H/2.
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An intermediate stage in this process is as shown below.

Figure 14 Intermediate condition as a triangular pulse

So, in the case of triangular pulse each cell travels a distance, H/2 to equilibrium.
From figure 13 we have the equation of line P as
 H 
y (i ) = 
i
 N −1

where i = 0,1,2,… is the index of the cell (note that the length of the space does not enter
in this formulation).
Therefore the total activity is given by
N −1

Activity = ∑
i= 0

H
H  H 
H
H
H
−
+
−
+ ....... +
−H
x =
2  N −1
2
2 N −1
2


 2
4
N − 3 
1 + 2
+
+ ......
 
N −1 
 N −1 N −1

4 
H
N − 3 
= 1 +
1 + 2 + 3 + .......

N −1
2
2  
=

=

H
2

H
N − 3 H
 = (N − 1)
1 +
2
2  4

Eqn 2.6
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Note that the activity, in this case, is independent of L, the length of the space in contrast
to the inverse dependence of the rectangular pulse’s activity. This is explained by the
fact that in this case the regions of maximum activity remain at the boundaries
independently of the length. Also note as N increases, the activity per cell approaches a
constant, as in the rectangular pulse example.

2.3.3. Activity for a Gaussian pulse as the initial data

We consider the case of a Gaussian pulse as the initial data for the case of open boundary
conditions where the heat of the system tends to zero.
The diffusion equation for one dimension is expressed as

u t = −cu xx where c is the diffusion constant. The solution to this equation is
given by


 − x2 
H
 * exp

where H is the Initial
u ( x, t ) = 

 (4 * c * t ) 
 4 *π * c * t 
The partial derivative with respect to time is :

−3



 
 − x 2   x 2   Ht 2
 − x2

 * exp




*
*
exp
−
  4 * c * t 2   16 * π * c  

4
*
c
*
t




 4*c *t


 


Minima at location, x,

H
∂u ( x, t ) 
= 
∂t
 4 *π * c * t
For

Maxima or

x2
∂u ( x, t )
= 0 ⇒ t * ( x) =
2*c
∂t
2
∂ u ( x, t )
At t * ( x)
is negative , therefore
∂t 2
u ( x, t ) is Maximum at t * ( x)
Evaluating u ( x, t ) at t = t * ( x),
u max ( x) =

height of

H
x * 2 *π * ε

Eqn 2.8


 



the

pulse

Eqn 2.7
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Now consider the following figure:

u (x, t)

u max
u (x, tstart)

2
t * ( x) = x

(2c)

tstart

t

Figure 15 Case 1 - the cell sees no crest

In section 1.4, we discussed that the initial pulse was smoothened to get a Gaussian pulse
and this pulse was used for the simulation runs. In fact, it is not possible to start with t
equal to zero, since the Gaussian pulse becomes a Dirac delta function concentrated at the
origin as t approaches zero. So in the following analysis, we start from a state in which t
is equal to tstart, some time greater than zero.
We consider the cases where the crest of the wave at location x passes before, and after
tstart, respectively. The first case (figure 15) plots the heat over time for the condition
that tstart occurs after the pulse has reached its peak at position x. The activity in this case
is given by u (x, tstart) because the pulse descends monotonically from u (x, tstart) to
zero.
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u max

u (x, tstart)

u (x, t)

2
t* = x

tstart

t

(2c)

Figure 16 Case 2 - the cell sees a crest

The second case (figure 16) is for cells, for which tstart precedes the time when the pulse
will reach it’s maximum and then decay. The activity in this case is given by
2u max ( x) − u ( x, tstart ) because the pulse has to rise from u (x,tstart) to u max ( x ) and then

fall from u max ( x) to zero.
The figures 15 and 16 are for a particular cell position x. The total activity is obtained
by summing the activities of cells satisfying the conditions in figures 15 and 16. The cells
2
in figure 15 are those for which tstart is greater than, or equal to, t* = x

the largest x for which this is true, we have xmax =

(2c)

. Solving for

2 * c * tstart . The cells in figure 16

then range from x = 2 * c * tstart to x = L where L is the length of the space.
Therefore, the total activity is given by:

A =

2*c*tstart

∑ u ( x, tstart ) −
x =0

L

∑ u ( x, tstart ) + 2 *

x = 2*c*tstart

L

∑u

max
x = 2*c*tstart

( x)

Eqn 2.9
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A =

L

∑ u ( x, tstart ) − 2 *
x =0

A =

L

∑ u ( x, tstart )

L

∑ u( x, tstart ) + 2 *

x = 2*c*tstart

+ 2*

x =0

L

∑ (u

max
x = 2*c*tstart

L

A = N / L (∑ u ( x, tstart ) ∆x + 2 *
x =0

L

∑u

max
x = 2*c*tstart

( x)

( x) − u ( x, tstart ))

L

∑ (u

max
x = 2*c*tstart

( x) − u ( x, tstart ))∆x)

As N → ∞

L

A = N / L ( ∫ u ( x, tstart )dx + 2 * ∫
0

A = N / L (∫ u(x, tstart)dx + 2*∫

L

L

L

L

0

A = N / L (2* ∫

2*c*tstart

2*c*tstart

L
2*c*tstart

Using the error function,

L

umax (x)dx − 2*(∫u(x, tstart)dx −

umax (x)dx − ∫ u(x, tstart)dx
0

(u max ( x) − u ( x, tstart ))dx

0

2*c*tstart

∫

u(x, tstart)dx) )

0

2*c*tstart

+2*

∫
0

u(x, tstart)dx )
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erf ( x ) =

A

A
N

=

=

HN 

L 

H 

L 

2

ln 
2π e


2

ln 
2π e


2
π

∫

x

0

2

e − z dz

L
 1

 − erf 
2 * c * ts ta r t  2


L
 1

erf 
−
2 * c * ts ta r t  2



L

 + e r f ( 0 .7 0 7 ) 
4 * c * ts ta r t 



L

 + e r f ( 0 .7 0 7 ) 
4 * c * ts ta r t 


Eqn

Eqn

This shows us that the average activity per cell when the initial condition is a Gaussian
pulse tends to a constant as N tends to infinity.
Now

A
decreases as L increases since the error function goes to a constant and the
N

natural logarithm term grows more slowly than L.

2 .1 0

2 .1 1
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2.4. The Behavior of Total Activity as N tends to Infinity

We conclude that for a Gaussian pulse the average activity per cell quickly approaches a
constant as the number of cells increases where this constant is a decreasing function of
the size of the computation domain
The following table compares the results obtained thus far as we let the number of cells
employed in a simulation tend toward infinity.
TABLE 1. Activities for different initial conditions

Rectangular
pulse
Triangular
pulse
Gaussian
pulse

Activity

Activity/N

Activity/N
as N∞

2HN(W/L)(1 –W/L)

2H(W/L)(1 –W/L)

2H(W/L)(1 –
W/L)

(N-1)*H/4

(N-1)*H/ (4*N)

H/4

 2
L


ln


 2*π*e  2*c*tstart 
N*H 1 
L
 
− erf 

L  2  4*c*tstart  
+erf ( 0.707)








 2
L

 
ln

−
2*
*
e
2*
c
*
tstart
π

 


H1 
L

 erf 


L 2  4*c*tstart 

+erf ( 0.707)








Constant

In all cases, the activity is propositional to the initial height of the pulse, H.
In the case of the rectangular pulse the activity depends on the ratio, W/L of the width to
the length of the space. The activity can easily be shown to be greatest where W = L/2
and to decrease to zero as the ratio approaches zero or 1. The behaviors of the Gaussian
and rectangular pulses are consistent in that the results support the assertion that the
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number of transitions in a DEVS quantized method-of-lines simulation should decrease
as the initial heat is confined to a smaller and smaller part of the space. Both rectangular
and Gaussian pulses contrast with the case of the triangular pulse, where the activity is
independent of the length of the space, since the latter does not affect the size of the
region in which the initial heat is confined.
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3. DISCRETE EVENT SYSTEM SPECIFICATION

This chapter introduces the Discrete Event System Specification [1]. It also describes the
hierarchical modular decomposition of DEVS.

3.1. Definition

A discrete event system specification (DEVS) is a structure

M = <X,S,Y,δint, δext,λ,ta>
where
X is the set of input values
S is a set of states,
Y is the set of output values
δint:S->S is the internal transition function
δext:Q×X->S is the external transition function, where
Q={(s,e)|s ∈ S, 0 ≤ e ≤ ta(s) } is the total state set, e is the time elapsed
since last transition
λ: S->Y is the output function
ta is the set of positive reals with 0 and ∞
The interpretation of these elements is illustrated in the following two figures. At anytime
the system is in some state, s. If no external event occurs, the system will stay in state s
for time ta(s). ta(s) can also take on the values 0 and ∞. When ta(s) is zero, the stay in
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state s is so short that no external events can intervene-we say that s is a transitory state.
When ta(s) is ∞, the system will stay in s forever unless an external event interrupts its
slumber. We say that s is a passive state in this case. When the resting time expires, i.e.,
when the elapsed time, e = ta(s), the system outputs the value, λ(s), and changes to state
δint(s). Output is only possible just before internal transitions.
If an external event x ∈ X occurs before this expiration time, i.e., when the system is in
total state (s,e) with e ≤ ta(s), the system changes to state δext(s,e,x). Thus, the internal
transition function dictates the system’s new state when no events occurred since the last
transition. The external transition function dictates the system’s new state when an
external event occurs- this state is determined by the input, x, the current state, s, and how
long the system has been in this state, e. In both cases, the system is then in some new
state s’ with some new resting time, ta(s’), and the same story continues.
3.2. Internal Transition/ Output Generation

output

Generate output

Time advance
S’
S
Make a transition
Figure 17 Internal Transition/ Output Generation in DEVS
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3.3. Response to External Input

input
Make a transition

elapsed
time
Time advance
Figure 18 Response to External Input in DEVS

The behavior of DEVS can be depicted as in the figure 19.
Here the input trajectory is a series of events occurring at times such as t0 and t2. In
between these event times may be those such as t1, which are times of internal events.
The latter are noticeable on the state trajectory, which is a step like series of states that
change at external and internal events (second from top). The elapsed time trajectory is a
saw tooth pattern depicting the flow of time in an elapsed time clock that is reset to 0 at
every event. Finally, at the bottom, the output trajectory depicts the output events that are
produced by the output function just before applying the internal transition function at
internal events.
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X

x
t0

x

0
t1

1

t2

S

e

y0
Y
Figure 19 Behavior of DEVS

Figure 20 shows the hierarchical modular composition of DEVS.
Basic models may be coupled in the DEVS formalism to form a coupled model. A
coupled model tells how to couple (connect) several component models together to form
a new model.
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Figure 20 Hierarchical modular composition of DEVS

This latter model can itself be employed as a component in a larger coupled model, thus
giving rise to hierarchical construction. A coupled model contains the following
information:


the set of components



the set of input ports through which external events are received




the set of output ports through which external events are sent
the coupling specification consisting of:

 the external input coupling which connects the input ports of the coupled to model to

one or more of the input ports of the components – this directs inputs received by the
coupled model to designated component models,
 the external output coupling which connects output ports of components to output

ports of the coupled model – thus when an output is generated by a component it may
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be sent to a designated output port of the coupled model and thus be transmitted
externally,
 the internal coupling which connects output ports of components to input ports of

other components- when an input is generated by a component it may be sent to the
input ports of designated components (in addition to being sent to an output port of
the coupled model).
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4. DEVS INTEGRATOR

This chapter introduces the theory of DEVS integrator [3] and its application to solve
system of partial differential equations. It also explains the condition under which a
system modeled using DEVS will reach equilibrium.

4.1. Quantum Based Integration Scheme

The following figure shows the DEVS integrator for a single cell used in DEVS
implementation of the diffusion problem.

Right Input

Center Cell Value

∫

Σ

-2

Left Input
Figure 21 A system using DEVS Integrator

It takes two inputs, one is the left input, and other one is the right input.
Consider a stationary system described by the ordinary differential equation
dy
dt

=

f ( y ) Eqn 4.1

A simple numerical scheme for simulating this system is the explicit Euler formula
y n +1

=

yn

+

hf ( y n ) Eqn 4.2
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where h is the integration time step. The discrete time system described by equation 4.2
will produce approximate solutions to equation 4.1; assuming some particular
assumptions concerning f(y) and h are met [10]. For example, the stable stationary
system,
dy
dt

= sin( y ) Eqn 4.3

whose actual solution and approximate solution, computed with 4.2 using a time step h =
0.1, are shown in figure 22

•

y = sin( y ) (solid) and its approx. soln by explicit Euler (dotted)
Figure 22 Soln to
Suppose that, instead of generating approximate solutions at discrete points in time, we
approximate the solution by looking at significant changes in the system state. The
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magnitude of a change in solution that we consider to be significant is called an
integration quantum (or quantum). We can define the integration quantum by

D =

−

yn

Eqn 4.4

y n +1

so D is the desired change in the solution at each step of the computation. The time
required for such a change to occur can be approximated by rearranging (4.2) to solve for
h. Doing so, we find that

D
f ( y)

h =

Eqn 4.5

If f(y) = 0, we let h =∞. Since we have assumed that y (t) is a stationary system, f(y) = 0
indicates that equilibrium has been reached and, consequently, the solution will not
change. So no information is lost by setting h =∞.

We can construct a quantum based integration scheme by substituting 4.5 into 4.2 and
keeping track of the sign of the derivative to ensure that the solution moves in the proper
direction. This gives us the system
y n +1

=

yn

+

D sgn( f ( y n )) Eqn 4.6

which approximates successive values of the continuous system. The formula
t n +1

= tn

+

D
f ( yn )

Eqn 4.7

gives the time at which the approximate states occur. The result of using 4.6 and 4.7 to
generate an approximate solution of 4.3 with D=1 is shown in figure 23.
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•

y = sin( y ) (solid), approx soln by quantized integ scheme (4.6), (4.7)
Figure 23. Soln to
Figure 23 illustrates two aspects of quantized state simulation of continuous systems.
First, a quantized state system that is stable will oscillate about equilibrium of the
continuous system that it approximates, with the magnitude of the oscillationapproaching zero as the quantum size approaches zero. Second, for a quantized state
system that is approximating a stable continuous system, it is always possible to find a
quantum that is sufficiently small to ensure that the quantized state system is stable as
well. In fact, as the quantum size approaches zero, the approximate solution approaches
the exact solution.
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4.2. Application of DEVS Integrator to solve system of Partial Differential
Equations

Numerical solutions to partial differential equations with time and space components
have two distinct and independent aspects. The first aspect of a numerical method is the
approximation of spatial derivatives. After applying a spatial approximation technique,
we are left with a system of coupled ordinary differential equations. The second aspect of
the numerical method is then to select a technique for integration through time.
A set of coupled differential equations can be described as a multi-component system,
with each component describing one differential equation or algebraic coupling equation.
The spatial discretization of a partial differential equation will generate such a system. If
we replace integration terms by their discrete event approximations (e.g., a DEVS
Adams-Bashforth integrator), then we immediately arrive at a multi-component DEVS
model that approximates the partial differential equation. This can be simulated using an
appropriate DEVS simulator (parallel or otherwise) to generate numerical solutions.

The use of DEVS as a solution technique for partial differential equations is attractive
due to the innate ability of the discrete event integrators to adjust their level of
computational effort to match the rate at which the solution is changing. This results in a
very efficient ‘front’ or ‘activity’ tracking technique. The technique is widely applicable
since it relies on intrinsic properties of the time integration scheme, rather than on some
aspect of the spatial discretization.
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An example, the heat equation in one dimension will serve to illustrate the use of DEVS
integrators in the simulation of systems of partial differential equations.

4.3. Adams-Bash forth type quantized state systems

The AB1 scheme is described by
y n +1 = y n + hf n

Eqn 4.8

D
f0

Eqn 4.9

Using a quantum D, this yields

τ 1 ( D, f 0 ) =

∆ 1 ( q , σ , f 0 ) = q + σf 0

Eqn 4.10

Therefore the internal transition function, the external transition function, the confluent
function, the output function and the time advance function for the DAB1 are as follows:

δ int (q, q1, f 0 , σ ) = (∆ 1 (q, σ , f 0 ), ∆ 1 (q, σ , f 0 ), f 0 ,τ 1 ( D, f 0 )),
δ ext ((q, q1 , f 0 , σ ), e, x) = (∆1 (q, e, f 0 ), q1 , x,τ 1 ( D − ∆ 1 (q, e, f 0 ) − q1 , x)),
δ con ((q, q1 , f 0 , σ ), x) = (∆1 (q, σ , f 0 ), ∆1 (q, σ , f 0 ), x,τ 1 ( D, x)),
λ (q, q1 , f 0 , σ ) = ∆1 (q, σ , f 0 ), and
ta (q, q1 , f 0 , σ ) = σ

4.4. Application of DAB1 to finite difference schemes

The use of finite differences to approximate spatial derivatives in a partial differential
equation gives rise to an input free continuous linear system that can be expressed as
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dx(t )
= Ax(t )
Eqn 4.11
dt
where the state vector has one element for each spatial grid point. For example, the heat

equation in one dimension with coefficient of diffusion c is given by
∂u
∂t

= c

∂ 2u
∂x 2

Eqn 4.12

where u(x,t) is the temperature at time t and position x. The spatial derivative can be
approximated using center differences, this giving
∂ 2u
∂x 2

≈

u ( x + ∆x, t ) − 2u ( x, t ) + u ( x − ∆x, t )
(∆x) 2

Eqn 4.13

where ∆x is the spatial resolution of the approximation. Substituting 4.13 in 4.12 gives a
system of coupled ordinary differential equations
∂u ( xi , t )
∂t

≈ c

u ( xi +1 , t ) − 2u ( xi , t ) + u ( xi −1 , t )
(∆x) 2

Eqn 4.14

where the xi are the positions i (∆x) at which the approximate solution is computed.
For the heat equation, it is necessary to specify boundary conditions so that the problem
is well posed. When the boundary conditions are fixed (i.e., the edge cells are assumed to
have a constant temperature) then 4.14 is a stable linear system and the unconditional
linear stability of DAB1 ensures that the discrete event approximation of 4.14 is stable as
well [9].
Another choice of boundary conditions that result in a marginally stable linear system is
u (0, t ) = u (∆x, t ) and

u ( N∆x, t ) = u (( N − 1)∆x, t ),

Eqn 4.15
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where the cells 1,2,…..,N-1 are in the interior of the computational region, and the cells 0
and N are at the boundaries.
4.5. Explanation of Activity/q = DEVS transitions using DEVS Integrator

Activity at time τ is given by
T

Ai (τ ) = ∫
0

dyi
dt
dt

Therefore the total
T

A(T ) = ∑ Ai (τ ) = ∫ ∑
i

0

over

a time

is

given by

dyi
* dt
dt

∫

F1

dy2
dt

Compa
rator

∑

y

F2

T

Whenever there is a change in y, increment
the counter to get the number of DEVS
transitions.

dy1
dt

x

i

activity

Counte
r

∫

∑

∫

1/quantu
m

Figure 24 Explanation of Activity/q = DEVS transitions using DEVS Integrator
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The above figure shows how two DEVS integrators can be combined to explain
proposition 2, which was proved in chapter 2. The quantum chosen should be such that
Activity/quantum is equal to the Number of DEVS transitions.
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5. COMPARISON OF DEVS AND DISCRETE TIME PROCESSING

This chapter develops the comparison of DEVS and Discrete Time Processing
analytically. A generalized formula for comparison between DEVS and DTSS is derived.
This general formula is then applied to some particular cases of diffusion and the results
are tabulated.

5.1. Generalized formula for comparison of DEVS and Discrete Time processing

We base a comparison between DEVS and DTSS on the smallest time advance required
in a DEVS simulation. This approach has been found to result in the same accuracy for
both simulation methods [1].
The smallest time advance for one DEVS integrator, illustrated in the figure, is given by
dividing the quantum by the magnitude of the largest time derivative. We set the time
step of a discrete time integrator to this value, i.e.,

q
∆t =
 ∂Y
Max
 ∂t



i

Eqn 5.1

q
t
ta = q/maxDeriv
Figure 25 Comparison of DEVS and Discrete Time Processing

51

For a set of integrator components of a DTSS simulation of a differential equation, let the
maximum absolute derivative occur at an integrator (cell) with index i , i.e.

 ∂Y 
≥ 

t
∂
i


 ∂Y 
Max

t
∂
i


∀i

Then since all DTSS integrators have the same time step, they must employ the smallest
allowed for the one with index i , i.e.

∆ˆ t

 ∂Y 
= q/ Max

 ∂t  i

Eqn 5.2

The number of transitions (threshold crossings) done by N DEVS integrators is:

# DEVS

=

A
q

=

∑

N
i

A (i )
Eqn 5.3a

q

The number of transitions done by the same number of DTSS integrators employing a
time step

∆ˆ t

is:

# DTSS

=

T
∆ˆ t

* N

Eqn 5.3b

The ratio of DTSS to DEVS transitions is:

# DTSS
# DEVS

=

q *T * N
∆ˆ t * A

52

Applying the relation in Eqn 5.2

# DTSS
# DEVS

 ∂Y 
= Max 

∂
t

i

T *N
A

Eqn 5.4

or in terms of the average activity per cell,
This gives the proof of
Proposition 4:

 ∂Y
= Max 
 ∂t

# DTSS
# DEVS



i

T
A/N

Eqn 5.5

This is the fundamental relation that we will use to compare DEVS and DTSS for
diffusion from various initial states in the next section.
We now show that the ratio

# DTSS
is always greater than or equal to 1.
# DEVS

Proposition 5:
# DTSS
≥1 .
# DEVS

Proof:

Recall that the activity of a DEVS integrator, i over a time interval T is given by:
T

Ai

= (∫
0

∂Y
∂t

∂t ) i

and assuming the derivative is bounded from above over the interval, we have
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Ai

≤ T

 ∂Y 

* Max
 ∂t  i

So from Eqn 5.3a

# DEVS

∑

≤

T

≥

q
∆ˆ t

 ∂Y 
Max 

∂
t

i
q

N
i

Using Eqn 5.3b

# DTSS
# DEVS

N

∑

N
i

 ∂Y 
Max 

 ∂t i

From Eqn 5.2, we have

# DTSS
# DEVS

≥

 ∂Y
Max 
 ∂t



i

N

∑

N
i

 ∂Y 
Max 

 ∂t i

But

N

 ∂Y 

Max 
∂
t

i

∑

≥

N
i

 ∂Y 

Max 
∂
t

i

So

# DTSS
# DEVS

≥

1

■
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5.2. Comparison for a rectangular pulse as the initial data

The time derivate is maximum at time t = 0 at the cell where the spatial discontinuity
occurs, in this case the cell is (N-1)/2.
Therefore the maximum time derivative is given by
Re ct MaxDeriv

2
 2 xi − xi −1 − xi +1 
 2H − H − 0 
N

 = c
 = cH  
= c

 (∆x )2

(∆x )2
L





Eqn 5.6

where c is the diffusion constant.
From equations 2.5, 5.5 and 5.6,
We have
2

2

N
N
TcH  
Tc 
DTSS
 L  =  L  ∝ O( N 2 )
=
DEVS 2 Hw(1 − w) 2w(1 − w)

Eqn 5.7

where w = W/L.
From equation 5.7, we can conclude that, for the rectangular pulse the performance of
DEVS:
1. Increases as the square of the number of cells.
2. Increases as the time of simulation, T is increased.
3. Increases as the diffusion constant, c is increased.
4. Increases as the ratio of width to length goes to 0 or to 1.
5. Decreases as the length of the pulse is increased while keeping the width-tolength ratio constant. .
6. Is independent of the height of the pulse.
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5.3. Comparison for a triangular pulse as the initial data

The time derivate is maximum at time t =0 at the cell where the spatial discontinuity
occurs; in this case that cell is (N-1).
Therefore the maximum time derivative is given by

Triang MaxDeriv



 N − 2
 2H − H 
−H 
2
 2 x − xi −1 − xi +1 
 N −1 

 = c H * N 

= c i
=
c
 N − 1 L2 



(∆x )2
(∆x )2









Eqn 5.8

where c is the diffusion constant.
From equations 2.6, 5.5 and 5.8, we have
2
 H  N 
Tc
 2 
4TcN 3
4Tc
DTSS
 N − 1  L 
=
= 2
≈ 2 N ∝ O( N )
2
H ( N − 1)
L ( N − 1)
L
DEVS
4N

Eqn 5.9

From equation 5.9, we can conclude that, for the triangular pulse the performance of
DEVS:
1. Increases as the number of cells.
2. Increases as the time of simulation, T is increased.
3. Increases as the diffusion constant, c is increased.
4. Decreases as the square of the length of the space.
5. Is independent of the height of the pulse.
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5.4. Comparison for a Gaussian pulse as the initial data

The maximum time derivative for a cell location x, depends on whether the cell does not
see a crest as in figure 14 or does as in figure 15. In the first case, the maximum
derivative that it experiences is that at time tstart.
This works out to
Gaussian

1

MaxDeriv

=

0.062 H
c * tstart 3

Eqn 5.10

In the second case, the maximum derivative is obtained by differentiating equation 2.7
with respect to t, equating it to zero to solve for t, and substituting this value of t back in
equation 2.7.
Doing so, we get
1.83cH 0.206 H H  1.83c 3 − 0.206 
 Eqn 5.11
− 2 3 = 3 
Gaussian MaxDeriv ( x) =
x3
c x
x 
c2

2

For the derivative to be largest over all cells seeing a crest, the denominator of equation
5.11 must be the smallest allowable value. This occurs for the smallest value of x, viz.,
2* c * tstart + ∆x , which is the first cell to experience a crest.
Neglecting ∆x in comparison with 2* c * tstart , we obtain:
Gaussian

2

MaxDeriv

 1.83c 3 − 0.206 
1

= H 
2
c

 2 * c * tstart





3

 H

λ (c) Eqn 5.12
= 
3/ 2 
 tstart 

Comparing the two maximum derivatives we find that equation 5.12 gives the maximum
derivative if c, the diffusion constant is greater than 0.5 else the maximum derivative is
given by equation 5.10.
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In both cases, the dependence on tstart is of the same form. Since we are interested in
decreasing values of c we will use the case 1 version in the following:
From equations 2.11, 5.5 and 5.10,
We have,

0.062TH
DTSS
=
DEVS H  2
L


ln
L  2πe  2 * c * tstart
∴

c * tstart 3

L


 1
 + erf (0.707) 
 − erf 
 2  4 * c * tstart 


DTSS
0.062T
=
∝ O( N 0 )
3
DEVS f ( L) c * tstart

Eqn 5.13

Eqn 5.14

where f(L) is a decreasing function of L i.e. it decreases as L increases. This is because
the denominator in equation 5.13 is of the form f(log(L))/L which goes to zero as L tends
to infinity.
From equation 5.14, we can conclude that, for the Gaussian pulse, the performance of
DEVS
1. Does not depend on the number of cells.
2. Increases as the time of simulation, T is increased.
3. Is independent of the height of the pulse.
4. Increases with the length of the space.
5. Increases as the diffusion constant, c decreases.
Points 4 and 5 agree with the behavior found in the case of the rectangular pulse. In both
cases, as the initial amount of heat is confined to a smaller and smaller region, the
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advantage of the DEVS simulation increases. This is because the DEVS simulation,
exploits the reduced activity that results from such concentration, while the discrete time
method does not.
To summarize, the following table shows the ratio of DTSS to DEVS for the three
conditions
TABLE 2. DTSS/DEVS for Various Initial Conditions

Type of initial data
Rectangular Pulse

Triangular Pulse
Gaussian Pulse

DTSS/DEVS
TcN 2
where w is the width to the
2 w(1 − w) L2
length ratio
4TcN
L2
0.062T
f ( L)(c * tstart 3 )1/ 2
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6. VERIFICATION

This chapter validates the analytical derivations of the previous chapters through
experimental results.
Measurement of Activity

The concept of activity was discussed in chapter 2. We now discuss the procedure by
which activity and threshold crossings were measured for the following experimental
results. For measuring the activity, the first cells’ value was stored in a variable and the
sum of the differences between all the consecutive cells was computed. This gives the
total activity. In order to compute the threshold crossings, a counter was initialized to
zero and the first cells’ value was stored in a variable. The counter was incremented if the
difference between any two consecutive cells exceeded the quantum.

6.1 Verification of Activity Formula when the initial data is a Triangular Pulse

In section 2.3.2, we obtained the formula
A = H (N-1)/4 Eqn 6.1
for the total activity of a triangular pulse of initial height H, using N cells. We now
discuss experimental results that confirm the correctness of this formula.
To measure activity of the one-dimensional triangular pulse, we employ a discrete time
simulation with the following parameters values:
Diffusion constant, c = 1.0
Length of the space, L = 16.0
Initial height of the pulse, H = 10.0
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Spatial Step, ∆x = L/N, where N is the number of cells
Time step, ∆t = 0.5*(∆x 2)
Tend (Total time of Simulation) = 100 seconds
Figure 26 shows the activities for different initial heights for a cell space of 100 cells.
Recall that the activity at each cell measures the number of quantum thresholds, or
distance measured in quanta, that it travels from its initial state to the common
equilibrium state. This distance is proportional to the distance of the cell from the center
cell. In other words, the middle-most cell has zero activity whereas the cells at the edges
of the pulse have the highest activity. This is verified in figure 26.
From equation 6.1, we see that the activity is directly proportional to the initial height of
the pulse. This is verified by figure 26, where the total activity of each cell increases with
initial height.
Table 3 compares the total activity measured in the simulation versus that predicted by
Eqn 6.1. We see that the agreement is excellent.
TABLE 3. Verification of Activity for the Triangular Pulse

#Cells

Total Activity
measured in
simulation

Total Activity
computed from
Eqn 6.1

10
100
200
500
700
1000

19.27
244.26
494.2
1244.0
1744.0
2494.0

22.5
247.5
497.5
1247.5
1747.5
2497.5
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Figure 26 Total activity at each cell in 1-D diffusion starting from a triangular pulse of various heights for
a cell space of 100 cells
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6.2 Verification of Activity Formula when the initial data is a Gaussian Pulse

In section 2.3.3, we obtained the formula
A=

NH
L


 2
L
L

 1



ln
 − erf 
 + erf (0.707) 
 4 * c * tstart 

 2πe  2 * c * tstart  2

Eqn 6.2

for the total activity of a Gaussian pulse of initial height H, using N cells. We now
discuss experimental results that confirm the correctness of this formula. It should be
noted that the experimental results below were done for two-dimensional diffusion for the
Gaussian pulse. We are comparing them with equation 6.2, which is the equation of
activity for one-dimensional diffusion of the Gaussian pulse since the derivation for twodimensions should be similar to that for one dimension.
To measure activity of the two-dimensional Gaussian pulse, we employ a discrete time
simulation with the following parameters values:
Diffusion constant, c = 0.1
Length of the space, L = 16.0
Initial height of the pulse, H = 10.0
Spatial Step, ∆ = L/ROWS, where ROWS denotes the number of cells in either the x-axis
or y-axis directions (assuming a square cell-size).
Time step, tstep = 2.2*(∆2)
Tend (Total time of Simulation) = 96 seconds.
Table 4 shows the variation of total activity per cell (total activity divided by the number
of the cells) for two-dimensional diffusion when the cell space size (number of cells) is
varied
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TABLE 4. Total Activity per Cell for 2-D diffusion

Cell Space Size (Number of
cells)
625
2500
5625
10000
40000

Total Activity for
Time (t = 96 seconds)
128.3
1082.6
1863
3822.5
15280

Total Activity Per Cell
(Total Activity/#Cells)
0.21
0.43
0.33
0.38
0.38

Figure 27 shows the plot of table 4.

Figure 27 Total Activity vs. Cell Space Size for two-dimensional diffusion of Gaussian Pulse

From figure 27, we see that the activity per cell goes to a constant. This is as it should be
as is evident from equation 6.2.

64

Table 5 shows the Normalized Activity (Total Activity divided by mass squared, where
mass is the total value of the heat, which is conserved in this case) versus the total time
for which the program was run

TABLE 5. Normalized Activity Vs. Tend for 2-D Diffusion

Initial Pulse Height
10

Time (Tend in sec’s)
12
24
48
96
120
140

Normalized Activity
0.04
0.11
0.28
0.35
0.35
0.35

5

12
24
48
96
120
140

0.07
0.20
0.38
0.39
0.39
0.39

1

12
24
48
96
120
140

0.22
0.37
0.38
0.38
0.38
0.38

Figure 28 shows the plot of table 5.
In figure 28, height denotes the initial height of the pulse before the diffusion starts. From
figure 28, it can be concluded that, smaller the initial height of the pulse, sooner the
activity reaches a constant and therefore this verifies that normalized activity converges
in both time and spatial resolution.

65

Figure 28 Normalized activity Vs tend for two-dimensional diffusion

In figure 29, the predicted activity A is plotted against the number of crossings
determined from direct count of threshold crossing. Recall that from proposition 2, A/q
should equal the number of crossings as q approaches 0. The plot shows increasing better
agreement between A/q and number of crossings, as q gets larger. This anomaly can be
explained by the fact that, in the implementation of the discrete time simulation; we did
not change the time step as the quantum varied. Therefore, for a large quantum, using the
same time step we may have under-estimated the number of threshold crossings. This
verifies that activity can be used to predict the number of threshold crossings.
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Figure 29 Activity/quantum and total threshold crossings Vs quantum for a 200 by 200 cell-space
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6.3 Verification that the total activity of the Gaussian pulse decreases as the Length
increases

From equation 6.2 we see that the total activity, A decreases as the length of the space, L
increases. This is so since the error function goes to a constant and the natural logarithm
term grows more slowly than L. This is confirmed as shown in figure 30. This is because
the length of the space does not affect the size of the region in which the initial heat is
confined. As the length increases, so does the number of cells that have very small
activities. These are cells far from the initial pulse to which very little heat diffuses.

Figure 30 Total Activity Vs. Cell space in two-dimensional Diffusion
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6.4 Verification of ratio formula when the initial data is a Gaussian Pulse

In section 5.4, we obtained the formula

∴

DTSS
0.062T
=
∝ O( N 0 )
3
DEVS f ( L) c * tstart

Eqn 6.3

for the ratio of discrete time to DEVS transitions for a Gaussian pulse of initial height H,
using N cells. We now discuss experimental results that confirm the correctness of this
formula.
The total number of iterations the discrete time version took for a 50 by 50 cell space was
1038707 and for a 100 by 100 cell space the total number of iterations was 1.66*e 7 (total
number of iterations = number of cells *Tend/ ∆t ).
Table 6 shows the ratio of number of iterations in discrete time to the total number of
threshold crossings for different heights of initial pulse.

TABLE 6. Ratio of iterations in DTSS to Threshold Crossings in DEVS

Cell Space

Quantum (q)

50 by 50

0.0001
0.0005
0.001
0.01
0.02
0.1
0.0001
0.0005
0.001
0.01
0.02
0.1

100 by 100

Ratio for an
Initial Height of
10 units
1.2
1.8
2.6
14.0
25.5
125.0
1.7
4.5
8.0
51.5
99.2
550.0

Ratio for an
Initial Height of
5 units
1.3
2.6
4.1
25.5
49.0
289.0
2.5
8.0
12.8
99.2
199.0
1350.5

Ratio for an
Initial Height of
1 units
2.6
8.1
14.0
125.0
289.0
3256.1
7.5
27.7
51.6
550.0
1350.5
14955.0
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So, we see that for a larger quantum, we get the best performance, but, on the other hand,
there will be fewer events and hence less accuracy, so we need to choose a quantum,
which has an optimum value.
Figure 31 shows the ratio plot for a 50 by 50 cell space

Figure 31 Transitions in DT/Transitions in DEVS versus quantum for different heights of initial pulse for a
50 by 50 cell space
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Figure 32 shows the ratio plot for a 100 by 100 cell space

Figure 32 Number of cell transitions/number of threshold crossings versus quantum size for different
heights of initial pulse height for a 100 by 100 cell space

Figures 31 and 32 verify that the advantage for DEVS potentially increases greatly with
increasing spatial resolution (number of cells) and amplitude. However, it remains to
show that this advantage can actually be exploited in a DEVS quantization-based
simulation. We turn to this question next.
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6.5 Determining the dependence of quantum on number of cells for the triangular
pulse

We employed a DEVS quantization-based simulation such as discussed in Chapter 4.
The following parameters were used for the simulation
Diffusion constant, c = 1.0
Length of the space, L = 16.0
Initial height of the pulse, H = 10.0
Spatial Step, ∆x = L/N, where N is the number of cells
Time step, ∆t = 0.5*(∆x 2)
Tend (Total time of Simulation) = 100 seconds
The Courant condition provides a guide for choice of time step to get stability as the
number of cells increases. For the DEVS quantization-based method, we approached the
problem of determining the dependence of quantum on number of cells as follows.
For one-dimensional diffusion, we have the equation
ut = cu xx

Eqn 6.4

where c is the diffusion constant and u is the state variable.
Using the method of lines, which was mentioned in chapter 1, equation 6.4 can be written
as
 u − 2ui + ui −1 
∂ui
= c  i +1
 Eqn 6.5
(∆x) 2
∂t



If q is the quantum used [3], then
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u i +1 = ui0+1 + ni +1q
u i = u i0 + ni q
u i −1 = ui0−1 + ni −1q

where ui0 denotes the initial state of the ith cell and ni , ni-1, and ni +1 are integers.
Therefore equation 6.5 can be written as

 u 0 + n q − 2(ui0 + ni q) + ui0−1 + ni −1q 
∂ui
= c  i +1 i +1
 Eqn 6.6
(∆x) 2
∂t


Now we will find the value of q, which solves the equation

∂ui
= 0 , so that the system is
∂t

stable, i.e. the system will reach equilibrium.
This value of q is given by
q (ni −1 − 2ni + ni +1 ) ≤ 2ui0 − ui0+1 − ui0−1 Eqn 6.7

Consider the case in which the triangular pulse of initial height H, number of cells N and
space of length L, is the initial data, then equation 6.7 becomes
H
H

 H
Eqn 6.8
q (ni −1 − 2ni + ni +1 ) ≤ 2 H − H −  H − ∆x  = ∆x =
N
L

 L

where ∆x =

L
is the spatial resolution.
N

If we define
ni −1 − 2ni + ni +1 = α , equation 6.8 becomes
q( N ) ≤

H
Eqn 6.9
Nα

where α is an integer greater than or equal to 1.
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This compares favorably with the dependence of the time step determined by the Courant
condition, viz.
∆t(N) = (0.5/c)* ∆x 2
= (0.5/c)*(L/N) 2
q(N)/∆t(N) ∝ O( N )

i.e.,

Eqn 6.10

showing that, the quantum needed for accuracy in the DEVS case decreases by order N
more slowly than the time step required by the Courant condition.
From chapter 2, the number of DEVS transitions is given by A/q where the activity
A=NH/4.
Therefore, the number of DEVS transitions,
NH
2
A
4 = αN Eqn 6.11
DEVS = =
q H
4
Nα

If we denote the total time of simulation as T, the total number of cells as N and the time
step as ∆t , then the total number of discrete time transitions is equal to
DTSS =

T
N Eqn 6.12
∆t

For stability, from the COURANT-FRIEDRICH-LEWY condition, we have
0 .5
0 .5  L 
∆t =
(∆x) 2 =
 
c
c N

2

Therefore, equation 6.12 becomes
DTSS =

2TcN 3
Eqn 6.13
L2
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Therefore, from equations 6.12 and 6.13, we have the ratio of DTSS to DEVS as
DTSS 8TNc
=
Eqn 6.14
DEVS αL2

In section 5.3, we found that the ratio of number of transitions of DTSS to DEVS in the
case of the triangular pulse was equal to
DTSS 4Tc
= 2 N Eqn 6.15
DEVS
L

Both equations 6.14 and 6.15 predict that DEVS should have advantage over discrete
time as the cell space, N increases.
Equation 6.14 is based on stability whereas equation 6.15 is based on accuracy.
Therefore, from equations 6.14 and 6.15, we have

α ≥ 2 Eqn 6.16
Equation 6.16 gives a lower bound on α for stability.
To measure the accuracy of a simulation run we compare the number of transitions
actually employed to the number predicted by the activity computed from Eqn. 2.6. This
means we are taking as a measure of accuracy of the simulation how close the activity of
the simulation run matches the predicted activity. For a given number of cells, we
adjusted the quantum employed in the simulation to find the largest value for which the
ratio is close to one. We call this the optimum quantum to get matching activity.
The results are displayed in Table 7.
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TABLE 7. Optimum Quantum to get matching Activity

#Cells

Optimum
quantum to get
matching
activity

#DEVS
transitions

#DEVS
transitions *
quantum

10
100
200
500
700
1000

0.01
10-4
10-4
10-4
10-5
5*10-6

2405
2.6*106
6.53*106
3.6*107
2.3*108
6.9*108

24.05
2.6*102
6.53*102
3.6*103
2.3*103
6.9*103

Computed
Total Activity
(2.5*(N-1))
where N is the
total number of
cells and H
=10.0
22.5
247.5
497.5
1247.5
1747.5
2497.5

We see that in each case the actual number of transitions required by the DEVS
quantization method exceeds the predicted number of transitions. However, for the
choices of optimal quantum shown, the difference is less than an order of magnitude.
Further work on DEVS quantization-based methods may be able to reduce this
discrepancy.
The different dots in figure 33, show the number of transitions for the DEVS
quantization-based simulation, when an optimum quantum is not used for different cell
numbers. From figure 33, we can see that when an optimum quantum is not used, the
activity by quantum is not equal to the number of DEVS transitions. This justifies using
the ratio of actual activity to predicted activity as the measure of accuracy for a
simulation.
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Figure 33 Importance of using the right quantum in DEVS

77

6.6 Ratio of Execution times

Now to estimate the ratio of execution times of the DTSS and DEVS simulation methods,
we will estimate the ratio of their execution times per cell transition. If we let R denote
this ratio then we have

DTSS
DTSS
execution = R
DEVS
DEVS

Eqn 6.17

We proceed to estimate the transition time per cell transition
Table 8 shows the number of cell transitions (computed) and the measured execution
time for the discrete time simulation. Note that the execution time is measured for
calibration purposes using a time step of 1sec. This time step is much greater than
required by the Courant condition since employing the latter would result in prohibitive
execution times. According to the table, we estimate the execution time required by one
cell for one time step of a discrete time simulation as approximately 3 * 10-6 seconds.

TABLE 8. Cell Transitions and measured Execution time for DTSS

#Cell
Transitions
8.7*105
8.0*106
1.5*108
4.3*108
1.3*109

Execution time
(in seconds)
2
18
346
1102
4836

Ratio(Seconds
per transition)
2.3*10-6
2.25*10-6
2.3*10-6
2.56*10-6
3.7*10-6
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Table 9 shows the number of cell transitions and the execution time for the DEVS
quantization-based simulation employing the optimum quantum for increasing cell
spaces.
TABLE 9. Cell Transitions and measured Execution time for DEVS

#Cells

100
200
500
700
1000

Optimum
quantum to get
matching
activity
10-4
10-4
10-4
10-5
5*10-6

#DEVS
transitions

Execution Time Ratio (Seconds
(in seconds)
per transition)

2.6*106
6.5*106
3.6*107
2.3*108
6.9*108

65
247
1555
7075
2*104

2.5*10-5
3.8*10-5
4.3*10-5
3*10-5
2.8*10-5

From this table, we estimate the execution time required by one cell for one time step of a
DEVS quantization-based simulation as approximately 3 * 10-5 seconds.
Thus we estimate the ratio
R = 3*10-6 / 3*10-5
= 0.1
Thus a single DEVS transition takes an order of magnitude more time than a single DTSS
transition. From Eqn 6.17 we have
DTSS
DTSS
execution = .1
DEVS
DEVS

Since, from equations 6.14 and 6.15, the ratio

Eqn 6.18

DTSS
increases at least as fast as order
DEVS

(N), we see that with N sufficiently large, the ratio will exceed unity.
We now consider the ratio of execution times under different conditions.
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6.7 Ratio of execution times when both Discrete Time and DEVS are required to be
stable

In this section, we will derive the ratio of execution times when the discrete time method
is stable and DEVS is also stable. In other words we are just looking for stability in both
cases.
Substituting the values of L = 16 and T = 100 seconds in equation 6.13 gives the number
of DTSS transitions as
DTSS = 0.8N3

Eqn 6.19

Therefore, the execution time of discrete time processing is given by
DTSSexec = 3*10-6*0.8N3 = 2.4*10-6N3 seconds Eqn 6.20

Table 10 shows the values of α for increasing cell-spaces in order to get the optimum
quantum for DEVS.

TABLE 10. Values of α to get Optimum Quantum for DEVS

#Cells

Optimum
quantum to get
matching
activity for
DEVS

100
200
500
700
1000

10-4
10-4
10-4
10-5
5*10-6

Value of α, so
that (H/(αN))
equals the
optimum
quantum for
DEVS
1600
800
320
2000
3200
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From table 10, the average value of α, is approximately 1600. This value of α is needed
to make DEVS both stable and accurate.
However, in order for DEVS to be just stable, the value of α estimated from table IX is
too large.
So, we take value of α=2 which is given by equation 6.16.
Substituting the value of α = 2 in equation 6.11 gives the number of DEVS transitions as
DEVS = 0.5N2

Eqn 6.21

Therefore, the execution time of DEVS is given by
DEVSexec = 3*10-5*0.5N2 = 1.5*10-5N2 seconds Eqn 6.22
Now, the ratio of execution times becomes,
DTSSexec
= 0.16 N seconds Eqn 6.23
DEVS exec

The value of N, after which DEVS will have an advantage over discrete time, is given by
0.16 N > 1
⇒N>6

Table 11 shows the computed values of the execution times of DEVS and DTSS in days
for increasing values of cell space.
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TABLE 11. Execution Times when DTSS and DEVS are Stable

#Cells

DTSS Execution time (in seconds)
from equation 6.20

5
10
100
200
300
400
500
600
700
800
900
1000
5000
10000

3*10-4
2.4*10-3
2.4
19.2
65
154
300
518
823
1229
1750
2400
3*105(3.5 days)
2.4*106(28 days)

DEVS
Execution
Time (in
seconds) from
equation 6.22
3.75*10-4
1.5*10-3
0.15
0.6
1.35
2.4
3.75
5.4
7.35
9.6
12
15
375
1500

We see that, although for small cell spaces DTSS has slight advantage, as the number of
cells exceeds 6, the DEVS quantized-based approach is increasingly more efficient.

6.8 Ratio of execution times when Discrete Time is stable and DEVS is accurate

In section 6.7, we derived the ratio of execution times when both Discrete Time and
DEVS are required to be stable.
In this section, we will derive the ratio of execution times when the discrete time method
is just stable and DEVS is both stable and accurate.
The formula for the execution time of discrete time method will remain the same.
Therefore, we have,
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DTSSexec1 = 3*10-6*0.8N3 = 2.4*10-6N3 seconds Eqn 6.24
In section 6.7, we found that, the value of α should be equal to 1600 in order for DEVS to
be both stable and accurate.
Therefore, substituting the value of α = 1600 in equation 6.11 gives the number of DEVS
transitions as
DEVS = 400N2

Eqn 6.25

Therefore, the execution time of DEVS is given by
DEVSexec1 = 3*10-5*400N2 = 0.012N2 seconds Eqn 6.26
From equations 6.24 and 6.26, we have,
DTSS
execution = 2 * 10 − 4 N Eqn 6.27
DEVS

Therefore, the value of N, after which, DEVS will have an advantage over discrete time,
is given by
2*10-4 N > 1
⇒ N > 5000

Table 12 shows the computed values of the execution times of DEVS and DTSS in days
for increasing values of cell space.
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TABLE 12. Execution Times when DTSS is stable and DEVS is accurate

#Cells
2000
3000
4000
5000
6000
7000
8000
9000
10000

DTSS Execution time (in seconds)
from equation 6.24
1.9*104
6.5*104
1.5*105 (1.77 days)
3*105(3.47 days)
5.2*105 (6 days)
8.2*105 (9.5 days)
1.2*106(14.2 days)
1.75*106(20.25 days)
2.4*106(28 days)

DEVS Execution Time (in seconds)
from equation 6.26
4.75*104
1.1*105(1.25 days)
1.9*105(2.2 days)
3*105(3.47 days)
4.3*105(5 days)
5.9*105(6.8 days)
7.6*105(8.8 days)
9.7*105(11.25 days)
1.2*106(14 days)

We see that although for small cell spaces DTSS has slight advantage, as the number of
cells exceeds 5000, the DEVS quantized-based approach is increasingly more efficient.
6.9 Ratio of execution times when both DEVS and DTSS are required to be of the
same accuracy

In this section we compute the ratio of execution times when both DEVS and DTSS are
required to be of the same accuracy.
In section 5.3, we found that the ratio of number of transitions of DTSS to DEVS in the
case of the triangular pulse is equal to
DTSS 4Tc
= 2 N Eqn 6.28
DEVS
L

Therefore, from equation 6.1
DTSS
0.4Tc
N Eqn 6.29
execution =
DEVS
L2

Substituting the values of L = 16, c = 1, and T = 100 seconds, equation 6.29 becomes
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DTSS
execution = 0.1563 N Eqn 6.30
DEVS

Therefore, the value of N, after which, DEVS will have an advantage over discrete time,
is given by
0.1563 N > 1
⇒N>6

For discrete time to be at least as accurate as DEVS, we have from equations 5.1, 5.8, and
6.9,
H
q
L2
∆t =
= Nα =
Eqn 6.31
Max.Derivative  cHN  cN 2α
 2 
 L 

Since we want DEVS to be accurate, we have from equation 6.26
DEVSexec2 = 3*10-5*400N2 = 1.2*10-2 N2 seconds Eqn 6.32
From equations 5.3b and 6.31, we have the number of discrete time transitions as
DTSS =

T
TN
αTN 3c
N=
=
∆t
L2
L2
cN 2α

which on substituting the values of c=1, T=100 seconds, α=1600 and L = 16 becomes
DTSS = 625 N 3

Eqn 6.33

Therefore, we have the approximate execution time of DTSS as
DTSSexec2 = 3*10-6*625N3 = 2*10-3 N3 Eqn 6.34
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Table 13 shows the computed values of the execution times of DEVS and DTSS in days
for increasing values of cell space.

TABLE 13. Execution Times when DTSS and DEVS are required to be of the same
accuracy

#Cell DTSS
Execution DEVS
s
time (in seconds)
Execution Time
from equation 6.34 (in
seconds)
from equation
6.32
5
0.26
0.3
10
2.0
1.2
100
2000
121
4
200
1.7*10
484
300
5.4*104
1080
5
400
1.3*10 (1.48 days) 1728
500
2.6*105(3 days)
3456
5
600
4.3*10 (5 days)
4320
5
700
6.9*10 (8 days)
6048
800
106(12 days)
7776
900
1.5*106(17 days)
8640
1000 2*106(23 days)
1.2*104
5000 8 years
3*105(3.5 days)
We see that, although for very small cell spaces DTSS has slight advantage, as the
number of cells exceeds 6, the DEVS quantized-based approach is increasingly more
efficient.
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7. CONCLUSION

In this thesis, we applied the theory of activity (which was discussed in chapter 2) to the
problem of diffusion. We proved that the activity measure when divided by the quantum
(in DEVS) gives the threshold crossings of the DEVS simulator. We derived the activity
for various initial conditions of the diffusion problem, and thereby, found the ratio of the
number of transitions in discrete time and DEVS. We then proved that this ratio is of the
order of N, where, N is the total number of cells. This proves that DEVS will have
increasing advantage over discrete time as the cell-space, N, increases. Finally we
derived the ratio of execution times for DTSS to DEVS under the conditions of stability
and accuracy.
In section 6.7, we found that, in order for both DEVS and DTSS to be stable, the cell size
should be at least 6 in order for DEVS to out-perform DTSS.
In section 6.8, we found that, in order for discrete time method to be just stable and
DEVS to be both stable and accurate, the cell size should be at least 5000 in order for
DEVS to out-perform DTSS.
In section 6.9, we found that, in order for both DEVS and DTSS to be accurate, the cell
size should be at least 6 in order for DEVS to out-perform DTSS.
Therefore, from sections 6.7, 6.8 and 6.9, we conclude that the breakeven cell size for
stability is approximately 6. When accuracy is also required, the breakeven cell size is
between 6 and 5000, which is quite a broad range. So, further research needs to be done
to compare DTSS and DEVS for equal accuracy.
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